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Abstract
We consider on a two-dimensional flat torus T the following equation
u + ρ
(
eu∫
T e
u
− 1|T |
)
= 0.
When the fundamental domain of the torus is (0, a) × (0, b) (a  b), we establish that the constants
are the unique solutions whenever
ρ 
{
8π if ba 
π
4 ,
32 ba if
b
a 
π
4 ,
and this result is sharp if ba 
π
4 . A similar conclusion is obtained for general two-dimensional torus
by considering the length of the shortest closed geodesic. These results are derived by comparing the
isoperimetric profile of the torus T with the one of the two-dimensional canonical sphere which has
same volume as T .
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In this paper, we shall consider on a two-dimensional torus T the following nonlinear
equation:
u + ρ
(
eu∫
T
eu
− 1|T |
)
= 0, u ∈ H 1(T ), (1.1)
where ρ is a real parameter and H 1(T ) denotes the classical Sobolev space. By standard
regularity theory, any solution of (1.1) is of class C∞ and even analytic. Clearly the con-
stants solve (1.1) and our aim is to discuss for which range of the parameter they are the
unique solutions. For ρ  0, easy arguments show that the constant are the unique solution.
Therefore we shall focus on the more interesting case ρ > 0.
Note that Eq. (1.1) is invariant by adding a constant. Hence, by setting
H
◦ 1(T ) :=
{
u ∈ H 1(T ):
∫
T
u = 0
}
,
we may as well deal with the problem:
u + ρ
(
eu∫
T
eu
− 1|T |
)
= 0, u ∈ H◦ 1(T ). (1.2)
This kind of equations arise, for example, in Onsager’s vortex theory for one specie (see
[4,6,14]). More recently it has been obtained in the context of the Chern–Simons gauge the-
ory [23]. Indeed, when the Chern–Simons coupling constant tends to zero, the asymptotic
behavior of a class of solutions is described by the equation:
u + 4πN
(
K(x)eu∫
T
K(x)eu
− 1|T |
)
= 0, u ∈ H◦ 1(T ), (1.3)
where K is a prescribed non-negative function and N an integer called the vortex number
(see [23] for more details). Here we shall focus on the case where K ≡ 1.
To solve Eq. (1.2), one can first note that it admits a variational formulation and is
associated to the following functional:
Jρ :H
◦ 1(T ) →R, u → 1
2
∫
T
|∇u|2 − ρ log
(
1
|T |
∫
T
eu
)
. (1.4)
More precisely, as a consequence of Moser–Trudinger inequality (see [11]), we deduce that
Jρ is of class C∞ and its critical points are weak solution for (1.2). This same inequality
shows that (1.4) has a minimizer for ρ < 8π . Furthermore, the work of Ding et al. [9] and
Nolasco and Tarantello [18] prove that such a minimizer persists at the critical value 8π .
More generally, it has been proved in [8] that the solutions of (1.2) are uniformly bounded
for ρ  8π .
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tional (1.4) is not zero when the torus is defined by a rectangular fundamental domain
whose sizes lengths a, b (a  b) satisfy 4π2 b
a
< 8π . But, in the case 4π2 b
a
 8π , the ex-
istence of a nontrivial solution was left as an open question. For square lattices, a proof
that u ≡ 0 is the unique solution when the parameter is close to zero is contained in [21].
Such a result has been later improved in [3] by showing that uniqueness holds whichever
ρ  4π + ρ∗, where ρ∗ > 0 is a constant depending on the maximal conformal radius of
the square. Here we solve completely the question of the torus whose fundamental domain
is a square by proving the following:
Theorem 1.1. Assume T has fundamental domain (0,1) × (0,1) and ρ  8π . Then the
constants are the unique solution of (1.1), or equivalently u ≡ 0 is the unique solution
of (1.2).
Our result is optimal. Indeed, for a torus defined by a square lattice, Struwe and Taran-
tello proved in [21] that problem (1.2) admits nontrivial solutions for ρ ∈ (8π,4π2). On
the other hand, for this same torus, the result of Ricciardi and Tarantello [20] show exis-
tence of one-dimensional nontrivial solutions beyond the value 4π2. It was asked in [18]
what is the behavior of the set of solutions when ρ approaches 8π . Our Theorem 1.1 gives
also an answer to that question and show actually that the solutions constructed by Struwe
and Tarantello [21] must blow-up when ρ tends to 8π . Namely, by setting
S(ρ) := {u ∈ H◦ 1(T ): (ρ,u) solves (1.2), u 
≡ 0}, (1.5)
we get:
Corollary 1.2. Let T be a torus whose fundamental domain is (0,1) × (0,1). Then,
S(ρ) 
= ∅ for each ρ ∈ (8π,4π2) ∪ (4π2,∞). Furthermore, for any sequence (ρn,un)
with
un ∈ S(ρn), ρn > 8π, ρn → 8π, (1.6)
we have
lim inf
ρn→8π
‖∇un‖L2 = ∞. (1.7)
For torus having a rectangular fundamental domain (0, a) × (0, b), the first results of
uniqueness related to (1.2) have been derived in [3]. One consequence of the discussion
in [3] is that if b
a
 12 , then the following optimal result holds: Problem (1.2) has a non-
trivial solution if and only if ρ > 4π2 b
a
.
In the present paper, we improve partially this result as follows:
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the constants are the unique solutions of (1.1) whenever
ρ 
{
8π if b
a
 π4 ,
32 b
a
if b
a
 π4 .
(1.8)
Since the arguments of [20,21] show again that
S(ρ) 
= ∅ ∀ρ ∈
(
8π,4π2
b
a
)
∪
(
4π2
b
a
,∞
)
,
we see that Theorem 1.3 is sharp when b
a
 π4 . Furthermore, under the assumption of The-
orem 1.3, we also deduce that conclusion (1.7) holds for each sequence satisfying (1.6).
Hence, when the torus is defined by a rectangular lattice, above result together with
what has been derived in [3] give a complete answer to the question of uniqueness for
ρ ∈ (−∞,8π] in both following cases:
b
a
 1
2
and
b
a
 π
4
.
The strategy in [5] was to derive an explicit range of the parameter in which the solutions
are necessarily one-dimensional. Here, we shall follow an approach which has been used
in [17] to prove that for Ω R2 and ρ  8π , u ≡ 0 is the unique solution of the Dirichlet
problem:
u + ρ
(
eu∫
Ω
eu
− 1|Ω|
)
= 0, u ∈ H 10 (Ω).
The crucial point in [17] was the possibility of using the classical isoperimetric inequality.
On the torus we have to modify this argument by considering the isoperimetric profile IT
of the torus. Denoting by V (t) the distribution function of the function ρ eu∫
T e
u with u solv-
ing (1.1), we will obtain the following crucial inequality:
ρ
8π
∞∫
−∞
[
IS2
(
V (t)
)]2
dt 
∞∫
−∞
[
IT
(
V (t)
)]2
dt, (1.9)
where IS2 stands for the isoperimetric profile of the canonical two-dimensional Euclidean
sphere with constant Gaussian curvature |T |4π . Hence, if IT is bounded from below by IS2 ,
above relation will give information on the quantity ρ8π . This approach works as well for
any torus and gives the following general result:
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length . Then, the constants are the unique solution of (1.1) whenever
ρ 
⎧⎨⎩8π if
2
|T | 
π
4 ,
32 2|T | if 
2
|T | 
π
4 .
(1.10)
As an immediate consequence, in the case 2|T | 
π
4 we derive
J 8π (u) = 1
2
∫
T
|∇u|2 − 8π log
(
1
|T |
∫
T
eu
)
 0 ∀u ∈ H◦ 1(T ), (1.11)
with equality if and only if u ≡ 0. This type of inequality was first derived on the sphere
by Onofri [19] (see also Hong [12]). The successive works of Chanillo and Kiessling [6]
and Lin [15] show actually that on the two-dimensional sphere, Eq. (1.2) has only u ≡ 0
as solution whenever ρ < 8π . It is quite interesting, as shown by Theorem 1.4, that similar
results also hold on some manifold of genus one.
We also emphasize that, in the case 2|T | 
π
4 , Theorem 1.4 is sharp in the sense that
nontrivial solutions exist for ρ > 8π . Indeed the arguments of [21] used in a torus defined
by a square lattice extend straightforwardly to a general torus. Since the first eigenvalue of
(−,H◦ 1(T )) is explicitly given by λ1(T ) = 4π2 2|T |2 (see [2]), we deduce that: Whenever
2
|T | 
2
π
, problem (1.2) has a nontrivial solution for each
ρ ∈ (8π,λ1(T )|T |)= (8π,4π2 2|T |
)
.
Since π4 >
2
π
, we see the sharpness of our result. Furthermore, Theorem 1.4 also imply the
following behavior of such family of nontrivial solutions:
Corollary 1.5. Let T be a two-dimensional torus with shortest closed geodesic curve 
and satisfying 2|T |  π4 . Then lim infρn→8π ‖∇un‖L2 = ∞ for any sequence fulfilling con-
dition (1.6).
The article is organized as follows. In Section 2, inspired by technics used earlier, for
example, in [1] or [22], we show that the distribution function of ρ eu∫
T e
u in (1.1) satisfies
a differential inequality involving the isoperimetric profile of the torus. In Section 3, we
derive from this inequality relation (1.9). By estimating the isoperimetric profile of the
torus from below, we will prove Theorem 1.4 from which Theorems 1.1 and 1.3 follow.
2. A differential inequality involving the isoperimetric profile
Let us start by recalling the notion of “isoperimetric profile.”
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without boundary). Consider the classM of open sets of M with C1 boundary and for each
ω ∈M denote by |ω| and |∂ω| the volume of ω and respectively of the 1-submanifold ∂ω.
The “isoperimetric profile” of M is the function IM : (0, |M|) → (0,∞) defined as
IM(s) := inf
{|∂ω|: ω ∈M, |ω| = s} ∀s ∈ (0, |M|),
and we set IM(0) = IM(|M|) = 0.
In this paper, we will just need the isoperimetric profile of the torus and the one of the
sphere (two-dimensional). Their explicit forms are known but are postponed to the next
section, since they are not relevant for now.
It is easy to see that Eq. (1.1) can be rewritten in the following way:
v + (ev − μ)= 0, v ∈ C∞(T ). (2.1)
Given a solution v of (2.1), the aim of this section is to derive an inequality relating the
following quantities:
F(t) :=
∫
{ev>t}
ev, V (t) :=
∫
{ev>t}
1, (2.2)
F˜ (t) :=
∫
{ev<t}
ev, V˜ (t) :=
∫
{ev<t}
1, (2.3)
where in order to simplify the notations, we write {ev > t}, {ev < t}, {ev = t} instead of
{x ∈ T : ev(x) > t}, {x ∈ T : ev(x) < t} and {x ∈ T : ev(x) = t}.
Consider the set of critical value of ev :
C := {ev(x): x ∈ T , ∇v(x) = 0}.
We can now prove:
Proposition 2.2. Let IT be the isoperimetric profile of the torus T . Then for each solution v
of (2.1), both following inequalities hold:
{
μtV 2 − F 2}′(t) μ∣∣V (t)∣∣2 + 2∣∣IT (V (t))∣∣2 ∀t ∈R \ C, (2.4){
μtV˜ 2 − F˜ 2}′(t) μ∣∣V˜ (t)∣∣2 + 2∣∣IT (V˜ (t))∣∣2 ∀t ∈R \ C, (2.5)
where V , F , V˜ , F˜ are defined by (2.2) and (2.3).
Proof. Let us first prove (2.4). Let us emphasize that C is discrete and therefore count-
able because the function v is analytic. Hence, we deduce that the functions F and V are
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obtain
V ′(t) = −
∫
{ev=t}
1
|∇(ev)| ∀t ∈R \ C, (2.6)
F ′(t) = −
∫
{ev=t}
t
|∇(ev)| = tV
′(t) ∀t ∈R \ C. (2.7)
Secondly, note that the set {ev = t} is a 1-submanifold of class C1 for each t ∈ R \ C. We
may then integrate Eq. (2.1) on the set {ev > t} and use Green’s formula. This yields∫
∂{ev>t}
|∇v| = F(t) − μV (t) ∀t ∈R \ C. (2.8)
Since we are working on a torus, namely a manifold without boundary, we have
∂{ev > t} = {ev = t}. Based on this observation, Eq. (2.8) yields
F(t) =
∫
{ev=t}
|∇v| + μV (t) ∀t ∈R \ C. (2.9)
Using now (2.9) and (2.7) together with the Schwarz inequality, we derive a differential
inequality for the functions F and V by arguing as follows:
−F(t)F ′(t) =
( ∫
{ev=t}
|∇v| + μV (t)
) ∫
{ev=t}
t
|∇(ev)|
=
( ∫
{ev=t}
|∇v|
)( ∫
{ev=t}
t
|∇(ev)|
)
− μtV (t)V ′(t)
=
( ∫
{ev=t}
|∇v|
)( ∫
{ev=t}
1
|∇v|
)
− μtV (t)V ′(t)

( ∫
{ev=t}
1
)2
− μtV (t)V ′(t). (2.10)
By considering the definition of isoperimetric profile of T in inequality (2.10), we get:
−F(t)F ′(t) I 2(V (t))− μtV (t)V ′(t) ∀t ∈R \ C. (2.11)T
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FF ′ = (F
2)′
2
and tV V ′ = t (V
2)′
2
= 1
2
{(
tV 2
)′ − V 2},
we may rewrite (2.11) as:
1
2
{
μtV 2 − F 2}′(t) I 2T (V (t))+ μ2 V 2(t) ∀t ∈R \ C.
This proves (2.4).
The proof of (2.5) is similar. We just note that instead of (2.6), (2.7) and (2.9) we have:
V˜ ′(t) =
∫
{ev=t}
1
|∇(ev)| , F˜
′(t) =
∫
{ev=t}
t
|∇(ev)| ,
F˜ (t) =
∫
{ev=t}
|∇v| + μV˜ (t) ∀t ∈R \ C.
Then, the same procedure gives (2.5). 
3. Uniqueness of the solutions
Consider a two-dimensional flat torus with shortest closed geodesics of length . Then
its isoperimetric profile is given by (see [13]):
IT (s) =
{√
4πs if s ∈ [0, 2
π
]
,
2 if s ∈ ( 2
π
,
|T |
2
]
,
(3.1)
and is symmetric with respect to s = |T |2 . Indeed, given s ∈ (0, |T |2 ], the least-perimeter
region of prescribed area s is:
(1) a circular disk when s ∈ (0, 2
π
],
(2) a band with geodesic boundary of length 2 if s ∈ [ 2
π
,
|T |
2 ].
For the following proposition, we will only use the fact that IT is continuous and sym-
metric with respect to s = |T |/2.
Proposition 3.1. Let (μ, v) ∈ (0,∞) × C∞(T ) be a solution of
v + (ev − μ)= 0.
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μ
2
∞∫
−∞
V (t)
{|T | − V (t)}dt  ∞∫
−∞
[
IT
(
V (t)
)]2
dt. (3.2)
Proof. Let us set
t1 := min
T
ev, t2 := max
T
ev, F0 :=
∫
T
ev.
The result will follow by integrating the differential inequalities (2.4) and (2.5) on the
interval (t1, t2) and then by summing the both relations obtained in this way.
Note first that since IT , V and V˜ are continuous, it is meaningful to integrate the right-
hand side of (2.4) and (2.5). Let us discuss the integration of the left-hand side of (2.4).
By setting Ψ := μtV 2 − F 2, we see from (2.4) that Ψ ′  0 except on a countable set.
Furthermore, the function Ψ is also continuous, since F and V are continuous. Therefore,
the result [16, Theorem 7.4.13, p. 174] ensures that Ψ is increasing. Hence, by applying
[16, Theorem 7.2.3, p. 159], we derive that
t2∫
t1
Ψ ′  Ψ (t2) − Ψ (t1) = F 20 − μt1|T |2, (3.3)
where the last equality follows from the fact that V (t2) = F(t2) = 0. Hence, by integrat-
ing (2.4) on the interval (t1, t2) and taking into consideration (3.3), we deduce
F 20 − μt1|T |2 
t2∫
t1
{
μ
∣∣V (t)∣∣2 + 2∣∣IT (V (t))∣∣2}dt. (3.4)
Arguing in the same way, we may integrate (2.5) on the interval (t1, t2) and get
μt2|T |2 − F 20 
t2∫
t1
{
μ
∣∣V˜ (t)∣∣2 + 2∣∣IT (V˜ (t))∣∣2}dt. (3.5)
Therefore, by adding (3.4) with (3.5), writing V˜ = |T | − V and using the property that
IT (V ) = IT (|T | − V ) (symmetry of the isoperimetric profile), we derive
μ|T |2(t2 − t1)
t2∫ {
μ
∣∣V (t)∣∣2 + μ∣∣|T | − V (t)∣∣2 + 4∣∣IT (V (t))∣∣2}dt. (3.6)t1
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0 μ
t2∫
t1
V (t)
(
V (t) − |T |)dt + 2 t2∫
t1
∣∣IT (V (t))∣∣2 dt
or equivalently
μ
t2∫
t1
V (t)
(|T | − V (t))dt  2 t2∫
t1
∣∣IT (V (t))∣∣2 dt,
which proves the proposition. 
Above proposition can be restated in a more geometrical way. Indeed, consider the
two-dimensional canonical sphere Sκ of curvature κ (therefore 1√κ gives the radius of the
Euclidean sphere of R3). The isoperimetric profile of Sκ is well known and is explicitly
given by
ISκ (s) = s(4π − κs) ∀s ∈
[
0, |Sκ |
]
. (3.7)
Given a torus T , consider Sκ such that Sκ = |T | (namely κ = 4π|T | ). Therefore, the integrand
in the left-hand side of the formula (3.2) can be rewritten as follows:
V (t)
{|T | − V (t)}= |T |
4π
V (t)
{
4π − 4π|T |V (t)
}
= |T |
4π
ISκ
(
V (t)
)
.
We may hence restate Proposition 3.1 as follows:
Proposition 3.1*. Let Sκ be such that Sκ = |T |. Then under the same assumption of Propo-
sition 3.1 the following inequality holds
μ|T |
8π
∞∫
−∞
[
ISκ
(
V (t)
)]2
dt 
∞∫
−∞
[
IT
(
V (t)
)]2
dt.
We will not use this last formulation but it is worth to point out this second equivalent
form. We now prove the main theorem of uniqueness of our paper.
Proof of Theorem 1.4. To prove the theorem, we shall first find a value γ > 0 such that
[
IT (s)
]2  I˜ (s) := γ s(|T | − s), (3.8)
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ric profile of the torus given in (3.1). Since I 2T (s) = 4πs on (0, 
2
π
) and I˜ is concave with
I˜ (0) = 0, we have
I˜  I 2T on
(
0,
2
π
)
⇐⇒ I˜ ′(0) dI
2
T
ds
(0) = 4π. (3.9)
On the interval ( 2
π
,
|T |
2 ), we have I
2
T = 42 and we note that I˜ achieves its maximum at
s = |T |2 . Hence,
I˜  I 2T on
(
2
π
,
|T |
2
)
⇐⇒ I˜
( |T |
2
)
 42. (3.10)
By taking into consideration that I˜ ′(0) = γ |T | and I˜ ( |T |2 ) = γ ( |T |2 )2, we deduce from (3.9)
and (3.10), that inequality (3.8) holds if and only if
γ  4π|T | and γ 
162
|T |2 .
Therefore, by choosing
γ = min
{
4π
|T | ,
162
|T |2
}
=
⎧⎨⎩
4π
|T | if
2
|T | 
π
4 ,
16 2|T |2 if
2
|T | 
π
4 ,
we may bound |IT |2 from below as follows:
[
IT (s)
]2 
⎧⎨⎩
4π
|T | s(|T | − s) if 
2
|T | 
π
4 ,
16 2|T |2 s(|T | − s) if 
2
|T | 
π
4 ,
(3.11)
and this inequality is strict on (0, |T |) \ { |T |2 }.
Now, given a nonconstant solution u of problem (1.1), let us set v := u + log( ρ∫
T e
u ).
Clearly v is not identically constant and solves
v +
(
ev − ρ|T |
)
= 0. (3.12)
Proposition 3.1 applied to Eq. (3.12) gives
ρ
2|T |
∞∫
V (t)
(|T | − V (t))dt  ∞∫ [IT (V (t))]2 dt.−∞ −∞
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inequality (3.11) holds a.e., we deduce the strict inequality
ρ
2|T |
∞∫
−∞
V (t)
(|T | − V (t))dt > γ ∞∫
−∞
V (t)
(|T | − V (t))dt. (3.13)
We then conclude:
ρ > 2|T |γ =
⎧⎨⎩8π if
2
|T | 
π
4 ,
32 2|T | if
2
|T | 
π
4 ,
whenever u is a nonconstant solution of (1.1). 
In connection with this uniqueness result, let us make some comments with the mini-
mum value of the functional Jρ defined by (1.4). By the result of [8,9,18], we know that
Jρ achieves its minimizer for each ρ  8π while the functional is unbounded from below
for ρ > 8π . Furthermore, a minimizer is a smooth solution of (1.2). Therefore, from The-
orem 1.4, we deduce that for torus satisfying 2|T | 
π
4 the minimizer must be identically
zero. Namely
Jρ(u) = 1
2
∫
T
|∇u|2 − ρ log
(
1
|T |
∫
T
eu
)
 0 ∀ρ  8π,
with equality if and only if u ≡ 0. Hence the following optimal inequality holds for torus
satisfying 2|T | 
π
4 :
1
|T |
∫
T
eu  e 116π
∫
T |∇u|2 ∀u ∈ H◦ 1(T ),
with equality if and only of u ≡ 0.
We conclude our paper by proving that the solutions that can be derived using the tech-
nics of [21] must blow-up when ρ → 8π .
Proof of Corollary 1.5. Consider a sequence (ρn,un) such that
un ∈ S(ρn), ρn > 8π, ρn → 8π,
where S(ρn) has been defined in (1.5). The existence of such solutions can be proved
following the same arguments of [21]. Arguing by contradiction, assume this sequence
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◦ 1(T ) (still denoted by un). On the one hand, as a
consequence of the Moser–Trudinger inequality [11], the operator defined by
F :H
◦ 1(T ) → L2(T ), u → e
u∫
T
eu
, (3.14)
is compact. So un converges weakly in H
◦ 1(T ) to some u¯ which solves
u¯ + 8π
(
eu¯∫
T
eu¯
− 1|T |
)
= 0.
From Theorem 1.4, we conclude that u¯ ≡ 0. Furthermore, the operator defined by (3.14) is
also of class C1 with DF(0)(ξ) = 1|T |ξ . So using the equation satisfied by un, we deduce
that un‖∇un‖L2 converges weakly in H
◦ 1(T ) to some u˜ 
≡ 0 solving:
u˜ + 8π|T | u˜ = 0, u˜ ∈ H
◦ 1(T ).
Therefore, 8π  λ1(T )|T |. But, referring to [2], we have λ1(T )|T | = 4π2 2|T | , which is
by assumption strictly greater than 8π—a contradiction. So the sequence un must sat-
isfy (1.7). 
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